The partial eigenvalue (or natural frequency) assignment or placement, only by the stiffness matrix perturbation, of an undamped vibrating system is addressed in this paper. A novel and explicit formula of determining the perturbating stiffness matrix is deduced from the eigenvalues perturbation theorem for a low-rank perturbed matrix. This formula is then utilized to solve the partial eigenvalue (or natural frequency) assignment via the static output feedback. The control matrix, output matrix and feedback gain matrix can be explicitly expressed and easily constructed.
Introduction
In the last dozen years, the partial eigenvalue (or natural frequency) assignment or placement has been a rich research area. Many aspects of the inverse problem of structural and mechanical dynamics have been involved in the research, such as the structural inverse modification, [1] [2] [3] model updating [4] [5] [6] and active vibration control. [7] [8] [9] [10] [11] [12] These cited here are a small part of the literatures published in recent years. In the above research content, the proposed methods have a nice feature, that is, all the unassigned eigenvalues (or unmodified natural frequencies) with the corresponding eigenvectors remain unchanged while a small number of eigenvalues of a structure are assigned to the targeted values. The results and related methods with this feature are also deemed to be no spillover.
This paper is concerned with the partial eigenvalue (or natural frequency) assignment or placement, only by the stiffness matrix perturbation, of an undamped vibrating system. A novel and simple formula is presented for determining the perturbating stiffness matrix. It is derived from the important results given by Brauer and the others, 13, 14 who proved the eigenvalues perturbation theorem for a low-rank perturbed matrix. The application of the formula is then explored in dealing with some related aspects mentioned above, especially in solving the static output feedback control of an undamped vibrating system.
The Brauer's theorem and a related result
The relationship among eigenvalues of a given square matrix A and its rank one updated matrix was proved by Brauer. 13 The following Theorem 2 is an extension of the Brauer's theorem. Firstly, the Brauer's theorem is introduced as follows.
Theorem 1.
13,15 Let A be an n Â n arbitrary matrix with eigenvalues fk 1 ; k 2 ; . . . ; k n g. Let x k be an eigenvector of A associated with the eigenvalue k k , and let u be any n-dimensional column vector. Then, the matrix A þ x k u T has eigenvalues fk 1 ; . . . ;
Theorem 1 shows that eigenvalues of the matrix A þ x k u T consist of those of A, except that one eigenvalue k k of A is replaced by k k þ x T k u. The following theorem further describes how to modify, in only one step, r eigenvalues of an arbitrary square matrix A without changing any of the remaining (n À r) eigenvalues.
Theorem 2.
14,15 Let A be an n Â n arbitrary matrix with eigenvalues
n. Let C be an r Â n arbitrary matrix. Then, the matrix A þ X 1 C has eigenvalues l 1 ; l 2 ; . . . ; l r ; k rþ1 ; k rþ2 ; . . . ; k n f g , where l 1 ; l 2 ; . . . ; l r are eigenvalues of the matrix
In the next section only the stiffness matrix perturbation of a vibrating system is considered. The aim is to assign some natural frequencies of the original system with no spillover. A new explicit formula of the perturbating stiffness matrix will be presented based on above Theorem 2. Its computation is fairly straightforward when changing amounts of some natural frequencies of the original system are given.
An explicit formula of the perturbating stiffness matrix
Consider an n-degree-of-freedom undamped vibrating system that is modeled by the following set of homogeneous second-order ordinary differential equations
where qðtÞ is n-dimensional displacement vector depending on time t, M 0 ; K 0 are n Â n mass and stiffness matrices, respectively. In general, M 0 is symmetric and positive definite, and K 0 is symmetric and positive semi-definite, denoted by M 0 > 0, K 0 ! 0. It is well known that dynamical performances of the system (1) are characterized by the following generalized eigenvalue equations
where
i is the square of the ith natural frequency x i , called the ith eigenvalue and x i is the corresponding ith mode shape, called the ith eigenvector.
The real number set of eigenvalues of the system (1) can be partitioned into two non-intersection subsets fk 1 ; k 2 ; . . . ; k r g and fk rþ1 ; k rþ2 ; . . . ; k n g. For the convenience of the following exposition, the former subset and the corresponding eigenvectors are expressed by, respectively, two submatrices, that is
, which are consistent with the expression in Theorem 2. The latter subset and the corresponding eigenvectors are represented by K 2 ¼ diag k rþ1 ; k rþ2 ; . . . ; k n ð Þ and X 2 ¼ x rþ1 x rþ2 . . . x n ½ . Additionally, it is always assumed without loss of generality that the eigenvectors (X 1 , X 2 ) of the system (1) are normalized in such a way that
where the superscript T denotes the matrix transpose, and I n is an n Â n identity matrix. Now the problem is to change the eigenvalues subset fk 1 ; k 2 ; . . . ; k r g of the system (1) to another subset of targeted eigenvalues fl 1 ; l 2 ; . . . ; l r g, which is also written as a submatrix R 1 ¼ diag l 1 ; l 2 ; . . . ; l r ð Þ , while keeping any of the remaining (n À r) eigenvalues fk rþ1 ; k rþ2 ; . . . ; k n g and the corresponding eigenvectors of the system (1) unchanged. Furthermore, that's all going to be done through only replacing or updating the stiffness matrix K 0 by K 0 þ DK in the system (1). Notice that an assumption, l 1 ; l 2 ; . . . ; l r f g \ k rþ1 ; k rþ2 ; . . . ; k n f g ¼ 1, is made in this problem. In what follows, the perturbating stiffness matrix DK is constructively presented for solving the problem.
The generalized eigenproblem (2) can be equivalently transformed into a standard eigenproblem via letting A ¼ M À1 0 K 0 . It follows from Theorem 2 that, if the matrix K 1 þ CX 1 has eigenvalues l 1 ; l 2 ; . . . ; l r f g , then A þ X 1 C ¼ M À1 0 K 0 þ X 1 C has eigenvalues l 1 ; l 2 ; . . . ; l r ; k rþ1 ; k rþ2 ; . . . ; k n f g , noting that C is an r Â n arbitrary matrix. (3) and (4), it is easy to verify that
M 0 with M 0 , then the standard eigenproblem of this matrix can be equivalently transformed into the following generalized eigenproblem
and
In this case, it can also be shown from Proposition 5 of Bru et al. 15 that the eigenvectors associated with the eigenvalues k rþ1 ; k rþ2 ; . . . ; k n f g for the eigenproblem (5) and (2) are the same. Thus, the aforementioned problem is solved with equation (6).
Remark 1: (i) DK with equation (6) is exactly symmetrical, and eigenvectors associated with eigenvalues fk 1 ; k 2 ; . . . ; k r g of the eigenproblem (2) are also the eigenvectors associated with the eigenvalues l 1 ; l 2 ; . . . ; l r f gof the eigenproblem (5). This can be concluded from Proposition 4 of Bru et al. 15 (ii) In Chu et al. 16 authors discussed the one-sided updating, that is the stiffness matrix updating, for model updating of the system (1) with no spillover. They had proved that any feasible candidate DK must be parameterized form of DK ¼ M 0 X 1 UX T 1 M 0 , where U is a parametric symmetric matrix. In this paper, the simplest form of DK is provided for partial eigenvalue (or natural frequency) assignment or placement. Its computation is a simple one-step procedure, and no extra eigen-matrix equation is needed to solve for U as required in Chu et al. 16 (iii) For some real generalized eigenproblem, that is Ax ¼ kBx with A, B being real matrices and B > 0, if all of its eigenvalues are non-defective, the similar result as equation (6) in the paper can also be obtained for partial eigenvalue assignment or placement via the perturbation of matrix A.
Applications of the formula
In this section, the main application of the formula (6) dedicated to the static output feedback control is discussed. Notice that directly updating stiffness matrix from measured natural frequencies using the formula (6) is a rather trivial matter and the updated model is no spillover.
When considering the external applied forces that come from the static output feedback control, the motion equations of the system (1) can be rewritten as
where B is a constant n Â m control matrix, C a constant m Â n output matrix, G a constant output feedback gain matrix to be determined and m < n. u t ð Þ is the control forces vector, t ð Þ the output or measurement vector. An assumption that both u t ð Þ and t ð Þ are m-dimensional vector is made here. Substituting equations (7b) and (7c) into equation (7a), then the closed-loop motion equations of the system (1) becomes
and the associated generalized eigenproblem is given as
Letting m ¼ r, comparing equation (9) with equation (5) gives
Now an approach to solve the partial eigenvalues (or natural frequencies) assignment of the system (1) via the static output feedback is presented. For the case of collocated actuator and sensor pairs with C ¼ B T , letting Thus, it is obvious that B ¼ U 1 , C ¼ U T 1 and G ¼ S. Moreover, the following parameterized solutions can be proposed through rewriting equation (10) as
where / is an m Â m arbitrary, non-singular symmetric matrix. In this case, the solutions are
For the case of non-collocated actuators and sensors configuration with C 6 ¼ B, rewriting equation (10) as
where / 1 , / 2 are m Â m arbitrary, non-singular matrices, then the parameterized solutions are
